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The bulk viscosity of cosmological fluid and the creation of cold dark matter both result in the
generation of irreversible entropy (related to dissipative processes) in a homogeneous and isotropic
universe. To consider such effects, the general cosmological equations are reformulated, focusing on
a spatially flat matter-dominated universe. A phenomenological entropic-force model is examined
that includes constant terms as a function of the dissipation rate ranging from µ˜ = 0, corresponding
to a nondissipative ΛCDM (lambda cold dark matter) model, to µ˜ = 1, corresponding to a fully-
dissipative CCDM (creation of cold dark matter) model. A time evolution equation is derived for
the matter density contrast, in order to characterize density perturbations in the present entropic-
force model. It is found that the dissipation rate affects the density perturbations even if the
background evolution of the late universe is equivalent to that of a fine-tuned pure ΛCDM model.
With increasing dissipation rate µ˜, the calculated growth rate for the clustering gradually deviates
from observations, especially at low redshifts. However, the growth rate for low µ˜ (less than 0.1)
is found to agree well with measurements. A low-dissipation model predicts a smaller growth rate
than does the pure ΛCDM model (for which µ˜ = 0). More detailed data are needed to distinguish
the low-dissipation model from the pure ΛCDM one.
PACS numbers: 98.80.-k, 98.80.Es, 95.30.Tg
I. INTRODUCTION
Various cosmological models [1–3] have been suggested
to explain the accelerated expansion of the late universe
[4–7]. For example, a cosmological constant Λ can be
added to the Friedmann and acceleration equations in the
ΛCDM (lambda cold dark matter) model. Although the
ΛCDM model is widely accepted, it suffers from several
theoretical difficulties, such as the cosmological constant
problem [8]. To resolve them, a time-varying Λ(t) cos-
mology has been proposed, called the Λ(t)CDM model
[9–18]. An extra constant term is obtained from the in-
tegration of the renormalization group equation for the
vacuum energy density [12, 14]. As a result, the standard
ΛCDM model is actually one kind of Λ(t)CDM model.
A similar constant term appears in the CCDM (cre-
ation of cold dark matter) models [19–27], which assume
that irreversible entropy is generated from gravitation-
ally induced particle creation [28]. In addition, a con-
stant term can also appear in viscous models [29–37], if
the bulk viscosity of the cosmological fluid is inversely
proportional to the Hubble parameter [38]. In fact, both
the creation of cold dark matter and the bulk viscosity
can generate entropy in a homogeneous and isotropic uni-
verse [39]. Consequently, the Friedmann equation does
not include an extra driving term, whereas the acceler-
ation equation includes one due to dissipation, namely
f(t) = 0 and g(t) > 0. Here f(t) and g(t) are drivers for
the Friedmann and acceleration equations, respectively.
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In Λ(t)CDM models, extra driving terms are given by
f(t) = g(t) = Λ(t)/3, without having to assume any
dissipation. Interestingly, several forms of entropy have
been proposed for the Λ(t)CDM model. For example,
an entropic-force model has been examined from sev-
eral viewpoints [40–48]. In that model, an entropic-force
term (corresponding to an extra driver) can be derived
from the (usually neglected) surface terms on the hori-
zon of the universe [40], without introducing new fields or
dark energies. Instead of dark energy, the entropic-force
model assumes that the horizon of the universe has a def-
inite entropy and temperature [40]. The most common
entropic-force model is considered to be a particular case
of Λ(t)CDM models [43, 48], so that the assumed entropy
is reversible, such as the entropy related to the reversible
exchange of energy [49]. On the other hand, other work-
ers have proposed an entropic-force model similar to the
CCDM and bulk viscous models, i.e., with f(t) = 0, as if
irreversible entropy is assumed [46, 47].
Entropic-force models can therefore be categorized into
two main types [47]: f(t) = g(t) and f(t) = 0. These two
types correspond to µ˜ = 0 (nondissipative) and µ˜ = 1
(fully dissipative), respectively, and have been systemat-
ically investigated [47]. However, a more general dis-
sipative universe (i.e., 0 ≤ µ˜ ≤ 1) has not yet been
analyzed. Accordingly, the present paper extends the
entropic-force model in order to closely examine a dissi-
pative universe. Specifically, a phenomenological model
is considered that includes constant entropic-force terms.
A constant term is expected to play an important role not
only in Λ(t)CDM models [11–14] but also in entropic-
force models [43, 47]. The constant term is also related
to ΛCDM and CCDM models. The present study bridges
2the gap between the ΛCDM (µ˜ = 0) and CCDM (µ˜ = 1)
models.
Furthermore, density perturbations are expected to be
influenced by the dissipation rate, even if the background
evolution of the universe remains the same. There-
fore, density perturbations in the modified entropic-force
model are examined that includes a constant term for
various dissipation rates. Note that the entropic-force
discussed here is essentially different from the idea that
gravity itself is an entropic force [50, 51].
The remainder of the article is organized as follows. In
Sec. II, the general Friedmann, acceleration, and continu-
ity equations are briefly reviewed. Next, the three equa-
tions are reformulated in terms of a dissipative universe.
In Sec. III, a phenomenological entropic-force model is
proposed that includes a constant entropic-force term.
In Sec. IV, first-order density perturbations of the mod-
ified entropic-force model are analyzed. In Sec. V, the
influence of the dissipation rates are examined. Finally,
in Sec. VI, the conclusions are presented.
II. REFORMULATION OF THE FRIEDMANN
EQUATIONS
In this section, the general Friedmann, acceleration,
and continuity equations are reviewed, in accord with
our previous works [45–47]. Next, the three equations
are reformulated, to analyze a dissipative universe related
to irreversible entropy. For this purpose, a homogeneous,
isotropic, and spatially flat universe is considered and the
scale factor a(t) is examined at time t in the Friedmann–
Lemaˆıtre–Robertson–Walker metric. The present study
focuses on a matter-dominated universe so that the pres-
sure of the cosmological fluid is p(t) = 0. Consequently,
the general Friedmann and acceleration equations [45–47]
become
H(t)2 =
8piG
3
ρ(t) + f(t) (1)
and
a¨(t)
a(t)
= −
4piG
3
ρ(t) + g(t)
= −
4piG
3
ρ(t) + f(t) + h(t), (2)
where the Hubble parameter H(t) is
H(t) ≡
da/dt
a(t)
=
a˙(t)
a(t)
. (3)
Here G, c, and ρ(t) are the gravitational constant, the
speed of light, and the mass density of cosmological fluid,
respectively, whereas f(t) and g(t) are general functions
corresponding to extra driving terms, i.e., entropic-force
terms, as discussed later. It should be noted that, in
Eq. (2), g(t) has been replaced by f(t) + h(t). That is,
g(t) is divided into two functions, i.e., f(t) and h(t). In
the present study, f(t) and h(t) are used and assumed
to be related to reversible and irreversible processes, re-
spectively. We explain this interpretation in the next
paragraph.
Previous work [47] examined the Λ(t) type for which
f(t) = g(t), and the BV (bulk viscous) type when
f(t) = 0, which are similar to Λ(t)CDM models and
bulk viscous (or CCDM) models, respectively. [In the
present paper, f(t) = g(t) is equivalent to h(t) = 0 be-
cause h(t) = g(t) − f(t).] The BV type presumes an ir-
reversible entropy Sirr arising from dissipative processes
such as the bulk viscosity or the creation of cold dark
matter. In contrast, we can interpret the Λ(t) type as
assuming a kind of reversible entropy Srev, such as that
related to the reversible exchange of energy [49]. Ac-
cordingly, in the BV type for which f(t) = 0, h(t) is
considered to be related to Sirr. On the other hand, f(t)
is considered to be related to Srev in the Λ(t) type for
which f(t) = g(t), i.e., h(t) = 0. In principle, it is pos-
sible to consider a universe that includes both forms Sirr
and Srev. Based on this concept, the general acceleration
equation is reformulated by setting
f(t) ≥ 0 and h(t) ≥ 0. (4)
In the reformulation, it is assumed that f(t) is a constant
entropic-force term based on reversible entropy Srev. In
contrast, h(t) is assumed to be related to irreversible en-
tropy Sirr (and can be time-dependent variables). There-
fore, the general function g(t) can be interpreted as the
sum of the contributions from the irreversible and re-
versible entropies. That is, g(t) is given by
[g(t)]Srev+Sirr = [f(t)]Srev + [h(t)]Sirr . (5)
Consequently, Eq. (2) can be rearranged as
a¨(t)
a(t)
= −
4piG
3
ρ(t) + f(t) + h(t)
= −
4piG
3
(
ρ(t)−
3h(t)
4piG
)
+ f(t)
= −
4piG
3
(
ρ(t) +
3pe
c2
)
+ f(t), (6)
where the effective pressure pe is defined as
pe ≡ −
c2h(t)
4piG
. (7)
Because f(t) ≥ 0, the preceding formulation differs from
the BV type for which f(t) = 0. In addition, Eq. (6)
includes an effective pressure pe, which is related to the
irreversible entropy Sirr. In a matter-dominated universe
(when p = 0), the effective pressure pe is given by pe =
p+ pc = pc. Then pc is interpreted as a pressure derived
from Sirr. (In the CCDM model [23], pc is a creation
pressure for constant specific entropy.)
We next consider the continuity equation. As exam-
ined in Refs. [45–47], the general continuity equation can
3be obtained from the general Friedmann and acceleration
equations because only two of the three equations are in-
dependent. The general continuity equation [45–47] in a
matter-dominated universe becomes
ρ˙+ 3
a˙
a
ρ =
3
4piG
H
(
−f(t)−
f˙(t)
2H
+ g(t)
)
=
3
4piG
H
(
h(t)−
f˙(t)
2H
)
. (8)
Note that we leave f˙(t) in Eq. (8) although f(t) is as-
sumed to be constant. This equation can be rewritten
as
ρ˙+ 3
a˙
a
ρ = (Γ +Q)ρ, (9)
where, using pe from Eq. (7), Γ is given by
Γ =
3H
4piG
h(t)
ρ
= −3H
pe
ρc2
, (10)
and Q is
Q = −
3
8piG
f˙(t)
ρ
. (11)
In the present study, Q is zero because f(t) is assumed
to be constant. We discuss this point again later.
In the standard ΛCDM model, the right-hand side
of Eq. (9) is zero because f(t) = Λ/3 = constant and
h(t) = 0. However, the right-hand side of this equation
is in general nonzero [47]. For example, in the Λ(t)CDM
models [9–18], the right-hand side of Eq. (9) is Qρ be-
cause h(t) = 0, i.e., Γ = 0. This Λ(t) type can be inter-
preted as an energy exchange cosmology [45–47] in which
the transfer of energy between two fluids is assumed [52],
such as an interacting quintessence [53], an interaction
between dark energy and dark matter [54], or an inter-
action between holographic dark energy and dark matter
[55]. In contrast, in the BV type, the right-hand side of
Eq. (9) is Γρ because Q = 0 is obtained from f(t) = 0.
We can also interpret entropic-force models from other
viewpoints. For example, the cosmological equations
considered here behave as if they were an extended
Λ(t)CDM model in a dissipative universe. As another
example, f(t) can be interpreted as an effective dark en-
ergy [48], as discussed in Appendix A.
III. MODIFIED ENTROPIC-FORCE MODEL
WITH CONSTANT TERMS
This section briefly reviews the entropic-force terms.
Using that formulation, a phenomenological model is con-
sidered that includes constant entropic-force terms. It is
called a modified entropic-force model, as discussed later.
In entropic-force models, the horizon of the universe
is assumed to have an associated entropy S and an ap-
proximate temperature T due to the information holo-
graphically stored there [40, 41]. Several entropic-force
terms have been examined so far in this context [40–48].
For example, the general entropic-force terms [47] can be
written as
f(t) = α1H
2 + α2H˙ + (α3H0)H + α4H
2
0 (12)
and
g(t) = β1H
2 + β2H˙ + (β3H0)H + β4H
2
0 , (13)
where H0 is the Hubble parameter at the present time.
The eight coefficients, αi and βi for i = 1 to 4, are di-
mensionless constants, while H2, H , and the constant
terms are derived from an area entropy Sr2 [40], a vol-
ume entropy Sr3 [46], and an entropy Sr4 proportional
to r4H [47], respectively, where rH = c/H is the radius
of the Hubble horizon. Higher-order terms for the quan-
tum corrections are neglected because the inflation of the
early universe is not being considered. A phenomenolog-
ical derivation of the entropic-force term has been sum-
marized elsewhere [47]. Also, a detailed discussion of
entropic cosmology has been presented by Basilakos et
al. [43, 48].
Here, Sr2 and Sr3 correspond to the Bekenstein black-
hole entropy [56] and the Tsallis–Cirto black-hole entropy
[57], respectively. In contrast, the meaning of Sr4 is less
clear. It can be considered a form of entropy that would
arise if extra dimensions existed [47]. Keep in mind that
the Tsallis–Cirto entropy [57] is distinct from the pure
Tsallis entropy [58, 59].
The properties of the entropic-force terms can be de-
scribed according to Refs. [45–47]. To begin with, the H2
and H˙ terms cannot describe a decelerating and acceler-
ating universe predicted by the standard ΛCDM model
[13, 43]. Basilakos et al. have shown that it is not the
H2 and H˙ terms but rather an extra constant term that
describes a decelerating and accelerating universe [43].
The role of the H˙ terms is similar to that of the H2
terms [15, 43]. The entropic-force model including H2
terms does not properly describe cosmological fluctua-
tions without the inclusion of a constant term [43]. In
the Λ(t)CDM models, it has been reported that the extra
constant term can be obtained from an integral constant
of the renormalization group equation for the vacuum en-
ergy density [12, 14]. A similar constant term appears in
the acceleration equation in the CCDM models [19–27].
The present authors [46] have shown that the entropic-
force model withH terms can describe a decelerating and
accelerating universe, as in bulk viscous models. How-
ever, the H term is difficult to reconcile with astronom-
ical observations of structure formations [47]. Recently,
Basilakos and Sola` have shown that simple combinations
of pure Hubble terms, i.e., H2, H˙, and H terms, are in-
sufficient for a complete description of the cosmological
data [48]. Thus the constant term plays an important
role.
4Consider the most important and simplest term,
namely a phenomenological model that includes con-
stant entropic-force terms. It is here called the modified
entropic-force model. The general functions are taken to
be
f(t) = α4H
2
0 and g(t) = β4H
2
0 . (14)
In the present study, g(t) is replaced by f(t)+h(t), where
h(t) is given by g(t) − f(t), as discussed in the previous
section. Using h(t), Eq. (14) can be written as
f(t) = α4H
2
0 and h(t) = (β4−α4)H
2
0 = γ
irr
4 H
2
0 , (15)
where it is assumed that
α4 ≥ 0 and γ
irr
4 = β4 − α4 ≥ 0. (16)
The coefficient γirr4 is a dimensionless constant, which is
assumed to be related to an irreversible entropy. In this
paper, Eq. (15) is used for the modified entropic-force
model. Substituting Eq. (15) into Eq. (1), the modified
Friedmann equation becomes
H2 =
8piG
3
ρ+ α4H
2
0 . (17)
Likewise, substituting Eq. (15) into Eq. (2), the modified
acceleration equation can be rewritten as
a¨
a
= H˙ +H2 = −
4piG
3
ρ+ α4H
2
0 + γ
irr
4 H
2
0 . (18)
Using Eq. (6), a modified acceleration equation is ob-
tained that is equivalent to Eq. (18),
a¨
a
= −
4piG
3
(
ρ+
3pe
c2
)
+ α4H
2
0 , (19)
where the effective pressure pe is
pe = −
c2H20
4piG
γirr4 . (20)
Equation (20) implies a constant effective pressure. As-
sume that the α4H
2
0 term in Eqs. (17), (18), and (19)
corresponds to the entropic-force terms derived from re-
versible entropy in the standard entropic-force model. In
contrast, the effective pressure pe is assumed to be related
to the irreversible entropy. That is, the γirr4 H
2
0 term in
Eq. (18) is assumed to be related to the irreversible en-
tropy. Accordingly, Eq. (18) includes the effect of both
reversible and irreversible entropies. (The irreversible en-
tropy considered here is not necessarily the same as the
entropy on the horizon of the universe.) The present
entropic-force phenomenology thereby constitutes an ex-
tended model.
In the modified entropic-force model, the α4H
2
0 term
(related to reversible entropy) can be interpreted as a
modification of the Einstein tensor. In contrast, the ef-
fective pressure pe (related to irreversible entropy) is in-
terpreted as a modification of the energy–momentum ten-
sor of the Einstein equation. The cosmological equations
examined here are equivalent to those of an extended
ΛCDM model in a dissipative universe, as proven in Ap-
pendix A.
Next, consider the modified continuity equation in the
present model. Substituting Eq. (15) into Eq. (11), we
find Q = 0 because f(t) is assumed to be constant. Sub-
stituting Q = 0 into Eq. (9), the modified continuity
equation is found to be
ρ˙+ 3
a˙
a
ρ = Γρ, (21)
where, substituting Eqs. (15) and (20) into Eq. (10), Γ is
given by
Γ =
3H
4piG
γirr4 H
2
0
ρ
= −3H
pe
ρc2
. (22)
Using the effective pressure, Eq. (21) can be rewritten as
ρ˙+ 3
a˙
a
(
ρ+
pe
c2
)
= 0. (23)
The above formulation is similar to the BV type [47].
However, the modified continuity equation considered
here is different from the continuity equation examined
so far. This difference affects the density perturbations
discussed in the next section.
However, we first consider the background evolution of
the universe in the modified entropic-force model. Com-
bining Eq. (17) with Eq. (18), we obtain
H˙ = −CmH
2 + C4H
2
0 , (24)
where the dimensionless constants Cm and C4 are
Cm = 1.5 and C4 =
3α4 + 2γ
irr
4
2
. (25)
Here Cm = 1.5 corresponds to a matter-dominated uni-
verse in the standard cosmology [1, 2]. Solving Eq. (24),
the evolution of the Hubble parameter [47] is given by
(
H
H0
)2
=
(
1−
C4
Cm
)(
a
a0
)
−2Cm
+
C4
Cm
, (26)
where a0 is the scale factor at the present time. This
solution is the same as in the standard ΛCDM model.
That is, the constant term C4/Cm in Eq. (26) behaves as
if it were ΩΛ in the standard ΛCDM model. Similarly,
1− C4
Cm
behaves as if it were Ωm in the standard ΛCDM
model in a flat universe [47]. (Note that Ωm and ΩΛ
represent the density parameter for matter and for Λ,
respectively. The density parameter for the radiation is
neglected in order to focus attention on the late universe.)
We define the constant parameter
Ω˜Λ ≡
C4
Cm
, (27)
5where C4 and Cm are given in Eq. (25). Using Ω˜Λ and
Cm = 1.5, Eq. (26) can be rearranged as(
H
H0
)2
=
(
1− Ω˜Λ
)
a˜−3 + Ω˜Λ where a˜ =
a
a0
. (28)
Keep in mind that Ω˜Λ is not the density parameter for
Λ, but is instead a constant.
In order to study a dissipative universe, we define a
dissipation rate
µ˜ ≡
γirr4
C4
=
Ω˜D
Ω˜Λ
, (29)
where Ω˜D is a constant parameter related to dissipative
processes given by
Ω˜D ≡
γirr4
Cm
. (30)
Note that γirr4 , which is given in Eq. (16), is a di-
mensionless constant related to an irreversible entropy.
When γirr4 = 0, we obtain µ˜ = 0. Accordingly, the
present model is equivalent to the standard nondissipa-
tive ΛCDM model for which γirr4 = 0 (so that µ˜ = 0).
In contrast, when α4 = 0, one gets µ˜ = 1 from Eq. (29)
because C4 =
3α4+2γ
irr
4
2 = γ
irr
4 . In this case, the present
model is equivalent to the fully dissipative CCDM model
proposed by Lima, Jesus, and Oliveira, abbreviated as
the LJO model [21, 23]. It is expected that investigating
0 ≤ µ˜ ≤ 1 can bridge the gap between the ΛCDM and
CCDM models. From Eq. (29), µ˜ is proportional to Ω˜D
when Ω˜Λ is fixed, as discussed in Sec. V.
In the present paper, the Hubble horizon is used as the
preferred screen, because the apparent horizon coincides
with the Hubble horizon in a spatially flat universe [40].
If we instead consider a spatially nonflat universe, we
would use the apparent horizon as the preferred screen
[45–47]. The entropic-force model considered here differs
from holographic dark energy models [55], even though
a holographic principle [60] is applied to both [47].
IV. DENSITY PERTURBATIONS IN THE
MODIFIED ENTROPIC-FORCE MODEL
This section analyzes the first-order density perturba-
tions in the modified entropic-force model that includes
constant entropic-force terms. This model is equivalent
to the LJO model [21, 23] when α4 = 0. Density per-
turbations in the LJO model have been examined using
a neo-Newtonian approach [23]. That approach was pro-
posed by Lima et al. [61], following earlier ideas devel-
oped by McCrea [62] and Harrison [63] that attempted to
describe a Newtonian universe having pressure [23]. The
present paper also uses a neo-Newtonian approach.
In previous work [47], density perturbations were ex-
amined using that approach. A perturbation analysis in
cosmology generally requires a fully relativistic descrip-
tion [23]; a nonrelativistic (Newtonian) approach only
works when the scale of the perturbations is much less
than the Hubble radius and the velocity of peculiar mo-
tions is small in comparison to the Hubble flow [23]. How-
ever, such difficulties should be circumvented by the neo-
Newtonian approximation [23, 47].
The modified Friedmann, acceleration, and continuity
equations from Sec. III are
H2 =
8piG
3
ρ+ α4H
2
0 , (31)
a¨
a
= −
4piG
3
ρ+ α4H
2
0 + γ
irr
4 H
2
0
= −
4piG
3
(
ρ+
3pe
c2
)
+ α4H
2
0 , (32)
and
ρ˙+ 3
a˙
a
ρ = Γρ, (33)
where the effective pressure pe from Eq. (20) and Γ from
Eq. (22) are
pe = −
c2H20
4piG
γirr4 and Γ = −3H
pe
ρc2
, (34)
assuming
α4 ≥ 0 and γ
irr
4 ≥ 0. (35)
Using Eq. (34), the effective equation of state parameter,
we, becomes
we =
pe
ρc2
= −
H20
4piG
γirr4
ρ
= −
Γ
3H
. (36)
When α4 = 0, the above equations are identical to those
in Refs. [23, 47, 61].
In general, Q = − 38piG
f˙(t)
ρ
from Eq. (11) is nonzero.
Therefore, as shown in Eq. (9), the right-hand side of
the continuity equation includes not only Γρ but also Qρ.
However, Q = 0 is obtained from f(t) = α4 in the present
model. That is, we can neglect the exchange of energy
appearing in an energy-exchange cosmology [64]. Conse-
quently, the right-hand side of the continuity equation is
Γρ, as shown by Eq. (33).
In order to apply the neo-Newtonian approach, the
basic hydrodynamical equations [23, 61] for the modified
entropic-force model are rewritten as(
∂u
∂t
)
r
+ (u · ∇r)u = −∇rΦ−
∇rpe
ρ+ pe
c2
, (37)
(
∂ρ
∂t
)
r
+∇r · (ρu) +
pe
c2
∇r · u = 0, (38)
6and
∇2rΦ = 4piG (ρ+ l) , (39)
where u is the velocity of a volume fluid element and Φ
is the gravitational potential. In the present model, l is
given by
l =
3pe
c2
−
3f(t)
4piG
=
3pe
c2
−
3α4H
2
0
4piG
, (40)
where the effective pressure is pe = p + pc = pc in a
matter-dominated universe (for which p = 0). Equa-
tions (37) to (39) are the Euler, continuity, and Poisson
equations, respectively. The basic hydrodynamical equa-
tions are almost equivalent to those in Refs. [23, 47, 61].
However, in the present study, the Poisson equation is
modified in order to take into account the α4H
2
0 terms
corresponding to Λ/3. For this purpose, the basic equa-
tions for the Λ(t)CDM models discussed in Ref. [65] are
adopted. Consequently, Eq. (40) includes an α4H
2
0 term,
slightly extending a previous formulation [47]. As dis-
cussed in Ref. [11], dark energy perturbations can be ne-
glected in the Λ(t)CDM model. This is justified in most
cases [11, 66]. Similarly, it is assumed that perturbations
in the α4H
2
0 terms are negligible in the present model.
Using the preceding equations, the time evolution
equation for the matter density contrast, i.e., the per-
turbation growth factor δ ≡ δρm/ρm, can be calculated.
The derivation is essentially the same as that of Jesus
et al. [23]. Setting c = 1, using a linear approximation,
and neglecting extra terms, we obtain the following time
evolution equation for δ,
δ¨ +
[
H(2 + 3c2eff − 3we)−
w˙e
1 + we
]
δ˙
+
{
3(H˙ + 2H2)
(
c2eff − we
)
+ 3H
[
c˙2eff − (1 + c
2
eff)
w˙e
1 + we
]
− 4piGρ (1 + we) (1 + 3c
2
eff) +
k2c2eff
a2
}
δ = 0, (41)
where the effective speed of sound is
c2eff ≡
δpe
δρ
. (42)
Equation (41) is equivalent to one found in Ref. [47].
However, through we and ρ, the above equation also im-
plicitly includes α4H
2
0 terms. In Eq. (41), ρm is replaced
by ρ because only a single-fluid-dominated universe [47] is
being considered. Also, ρ in Eq. (41) represents the aver-
age value ρ¯ corresponding to a homogenous and isotropic
solution for the three unperturbed Friedmann, accelera-
tion, and continuity equations. For simplicity, set c = 1
and replace ρ¯ with ρ when considering the time evolution
equation for δ [47].
As described in Ref. [23], assume that c2eff = c
2
eff(t)
and that the spatial dependence of δ is proportional to
eik·x, where the comoving coordinates x are related to
the proper coordinates r by x = r/a. In addition, we
assume c2eff = 0 [47] because the neo-Newtonian equa-
tion is only equivalent to the general relativistic equa-
tion for a single-fluid-dominated universe when c2eff = 0
[67]. That equivalence has been recently discussed in
Ref. [25]. In the present model, the effective pressure
pe is constant according to Eq. (34). Therefore, we find
c2s ≡ p˙e/ρ˙ = 0 which indicates adiabatic perturbations,
c2eff = c
2
s [25, 67], since c
2
eff = 0. The influence of c
2
eff has
been examined in Ref. [23]. The case of c2eff 6= 0 is not
considered in the present study.
Substituting c2eff = 0, c˙
2
eff = 0, we = −
Γ
3H , and
w˙e
1+we
=
ΓH˙−HΓ˙
H(3H−Γ) into Eq. (41), we obtain
δ¨+
[
2H + Γ−
ΓH˙ −HΓ˙
H(3H − Γ)
]
δ˙
+
{
(H˙ + 2H2)
Γ
H
− (3H)
ΓH˙ −HΓ˙
H(3H − Γ)
− 4piGρ
(
1−
Γ
3H
)}
δ = 0. (43)
For numerical purposes, we define an independent vari-
able [23, 47] as
η ≡ ln(a˜(t)) where a˜(t) =
a(t)
a0
. (44)
Using Eq. (44), Eq. (43) can be rearranged as
δ′′ + F (η)δ′ +G(η)δ = 0, (45)
where F (η) and G(η) are
F (η) = 2 +
Γ +H ′
H
−
ΓH ′ −HΓ′
H(3H − Γ)
(46)
and
G(η) =
(
H ′
H
+ 2
)
Γ
H
−
3(ΓH ′ −HΓ′)
H(3H − Γ)
−
4piGρ
H2
(
1−
Γ
3H
)
. (47)
A prime ′ represents a differential with respect to η, i.e.,
d/dη. The mass density ρ in a homogeneous, isotropic,
and spatially flat universe is obtained from the modified
Friedmann equation as
ρ =
3
8piG
(H2 − α4H
2
0 ). (48)
The critical density ρc0 is
ρc0 =
3
8piG
(H20 − α4H
2
0 ) =
3
8piG
H20 (1− α4).
7Next, from Eq. (22) or (34), Γ can be rewritten as
Γ =
3H
4piG
H20γ
irr
4
ρ
. (50)
Using the critical density ρc0 from Eq. (49) and Cm = 3/2
from Eq. (25), Eq. (50) can be rearranged as
Γ =
3H
4piG
H20γ
irr
4
ρ
×
ρc0
3
8piGH
2
0 (1 − α4)
=
3Hγirr4
3
2 (1− α4)
(
ρc0
ρ
)
=
3γirr4
Cm(1− α4)
(
ρc0
ρ
)
H
=
3Ω˜D
1− α4
(
ρc0
ρ
)
H, (51)
where Ω˜D from Eq. (30) is
Ω˜D ≡
γirr4
Cm
. (52)
From Eqs. (25), (27), and (52), Ω˜Λ − Ω˜D becomes
Ω˜Λ − Ω˜D =
C4
Cm
−
γirr4
Cm
=
3α4+2γ
irr
4
2 − γ
irr
4
3/2
= α4. (53)
Substituting Eqs. (48) and (49) into Eq. (51), replacing
(H/H0)
2 by Eq. (28), and using Eq. (53) and a˜ = eη, we
find
Γ
H
=
3Ω˜D
1− α4
(
ρc0
ρ
)
=
3Ω˜D
1− α4
(
H20 − α4H
2
0
H2 − α4H20
)
=
3Ω˜D
(H/H0)2 − α4
=
3Ω˜D
(1 − Ω˜Λ)a˜−3 + Ω˜Λ − α4
=
3Ω˜Da˜
3
(1 − Ω˜Λ) + (Ω˜Λ − α4)a˜3
=
3Ω˜De
3η
1− Ω˜Λ + Ω˜De3η
. (54)
Equation (54) includes not only Ω˜Λ but also Ω˜D. Simi-
larly, we obtain
Γ +H ′
H
=
3Ω˜De
3η
1− Ω˜Λ + Ω˜De3η
+
− 32 (1 − Ω˜Λ)
1− Ω˜Λ + Ω˜Λe3η
, (55)
ΓH ′ −HΓ′
H(3H − Γ)
=
−3Ω˜De
3η
1− Ω˜Λ + Ω˜De3η
, (56)
4piGρ
H2
=
3
2
(
1−
(Ω˜Λ − Ω˜D)e
3η
1− Ω˜Λ + Ω˜Λe3η
)
. (57)
Substitution of Eqs. (55) and (56) into Eq. (46) results
in
F (η) = 2+
6Ω˜De
3η
1− Ω˜Λ + Ω˜De3η
−
3(1− Ω˜Λ)
2(1− Ω˜Λ + Ω˜Λe3η)
. (58)
Likewise, substituting Eqs. (54) to (57) into Eq. (47)
leads to
G(η) =
3
2(1− Ω˜Λ + Ω˜De3η)(1− Ω˜Λ + Ω˜Λe3η)
×
[
10Ω˜DΩ˜Λe
6η + 6Ω˜D(1 − Ω˜Λ)e
3η −
(
1− Ω˜Λ
)2]
.
(59)
As Eqs. (58) and (59) indicate, F (η) and G(η) include
both Ω˜Λ and Ω˜D. From Eqs. (27) and (52), they can be
written as
Ω˜Λ =
C4
Cm
and Ω˜D =
γirr4
Cm
, (60)
where Cm = 1.5 and C4 =
3α4+2γ
irr
4
2 according to Eq.
(25). Here, Ω˜Λ is not the density parameter for Λ, but is
instead a constant, even though Ω˜Λ behaves as if it were
ΩΛ in the standard ΛCDM model. In contrast, Ω˜D is a
constant parameter related to a dissipative process. For
confirmation, we consider two typical cases. When γirr4 =
0, one has Ω˜D = 0. Substituting Ω˜D = 0 into Eqs. (58)
and (59), F (η) and G(η) recover the values of the Λ(t)-
Ccst model [47] corresponding to the standard ΛCDM
model. In contrast, when α4 = 0, we find that Ω˜D =
Ω˜Λ = C4/Cm because C4 = γ
irr
4 results from Eq. (25).
Therefore, when Ω˜D = Ω˜Λ, F (η) and G(η) reduce to the
expressions in the BV-Ccst model [47] corresponding to
the LJO model [23].
In the present paper, the differential equation is numer-
ically solved for the matter density contrast δ in Eq. (45).
For this purpose, the initial conditions of the Einstein–
de Sitter growing model [23] are used. The initial condi-
tions are taken to be δ(a˜i) = a˜i and δ
′(a˜i) = a˜i, where
a˜i = ai/a0 = 10
−3 [47].
V. INFLUENCE OF THE DISSIPATION RATE
In this section, the influence of a dissipation rate in
the modified entropic-force model is analyzed. We first
consider the following related parameters. According to
Eq. (29), the dissipation rate µ˜ is
µ˜ ≡
γirr4
C4
=
Ω˜D
Ω˜Λ
, (61)
where Ω˜Λ and Ω˜D from Eq. (60) are
Ω˜Λ =
C4
Cm
and Ω˜D =
γirr4
Cm
, (62)
and Cm and C4 from Eq. (25) are
Cm = 1.5 and C4 =
3α4 + 2γ
irr
4
2
. (63)
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FIG. 1: (Color online). Evolution of the effective equation of
state parameter we for the indicated dissipation rates µ˜. Note
that µ˜ = 0 corresponds to ΛCDM models, whereas µ˜ = 1
corresponds to CCDM models. The background evolution of
the universe in each case is equivalent to that in the standard
ΛCDM model because Ω˜Λ = ΩΛ = 0.685.
When α4 = 0 (as in the CCDMmodels), we obtain µ˜ = 1,
whereas µ˜ = 0 when γirr4 = 0 (corresponding to ΛCDM
models). To examine the influence of the dissipation rate,
µ˜ can be varied between 0 and 1.
Here, Ω˜Λ is determined from the background evolution
of the universe. To this end, we identify Ω˜Λ with ΩΛ
from a fine-tuned standard ΛCDM model [46, 47]. In
the standard ΛCDM model, we consider a spatially flat
universe in which (Ωm,ΩΛ) = (0.315, 0.685) based on the
Planck 2013 results [7]. That is, set Ω˜Λ = ΩΛ = 0.685.
To determine the influence of the dissipation rate, µ˜ is
set to several typical values, 0, 0.05, 0.1, 0.2, 0.4, 0.6,
0.8, and 1.0 in turn. The background evolution of the
universe for each case is equivalent to that in the standard
ΛCDM model because Ω˜Λ = ΩΛ = 0.685. Accordingly,
every case agrees with the observed supernova data. We
calculate α4 and γ
irr
4 from Ω˜Λ = 0.685 and the preceding
value of µ˜, using α4 = (1 − µ˜)Ω˜Λ and γ
irr
4 = 3µ˜Ω˜Λ/2.
Substituting Ω˜Λ = 0.685 into Eq. (61), we find Ω˜D =
0.685µ˜.
We consider the effective equation of state parameter
we in Eq. (36). Substituting Eq. (54) into that equation,
and replacing e3η by a˜3, we obtain
we = −
Ω˜Da˜
3
1− Ω˜Λ + Ω˜Da˜3
, (64)
where a˜ is the normalized scale factor a/a0. Using this
result, the evolution of we can be determined as a func-
tion of the dissipation rate. As shown in Fig. 1, we for
µ˜ = 0 is equal to 0, because the effective pressure pe = 0.
However, we for µ˜ > 0 gradually decreases with increas-
ing a/a0 and finally approaches −1. In addition, we de-
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FIG. 2: (Color online). Evolution of the density perturbation
growth factor δ for various dissipation rates µ˜. The initial
conditions are δ(a˜i) = a˜i and δ
′(a˜i) = a˜i where a˜i = ai/a0 =
10−3. The background evolution of the universe is the same
in every case because Ω˜Λ = 0.685.
creases with increasing µ˜. The dissipation rate µ˜ thereby
affects we even if the background evolution of the uni-
verse is equivalent to that in the standard ΛCDM model.
The equation of state parameter for a generic component
of matter, i.e., w = p/(ρc2), is always zero in a matter-
dominated universe (for which p = 0). That is, w is not
equal to we. (Note that a generalized inhomogeneous
equation of state has been discussed in Ref. [68].)
We next consider the first-order density perturbations
in the model for various values of µ˜. It is helpful to calcu-
late the evolution of the perturbation growth factor δ. As
shown in Fig. 2, δ increases with a/a0 when a/a0 / 0.1.
In contrast, when a/a0 ' 0.1, δ increases less and even-
tually turns around and decreases, except for the case
of µ˜ = 0 (corresponding to the standard ΛCDM model).
Consequently, with increasing µ˜, the perturbation growth
factor deviates from δ for µ˜ = 0. In that way, the dissipa-
tion rate µ˜ affects the density perturbations. However, δ
for µ˜ = 0.05 and 0.1 is not much different from δ for µ˜ = 0
at the present time when a/a0 ≈ 1. To study this effect
more closely, we consider the growth rate for clustering
[69]. That growth rate has been previously examined in
the Λ(t)CDM and CCDM models [11, 23].
The growth rate fc(z) for clustering is
fc(z) =
d ln δ
d ln a
= −(1 + z)
d ln δ
dz
, (65)
where the redshift z is
z ≡
a0
a
− 1. (66)
Keep in mind that fc(z) is not the extra driving term
f(t) shown in Eq. (1). The evolution of the growth rate
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FIG. 3: (Color online). Evolution of the growth rate fc(z)
for clustering for various dissipation rates µ˜. The closed cir-
cles with error bars are the observed data points summarized
in Ref. [23]. The original data are from Refs. [70–76]. The
background evolution of the universe for each value of µ˜ is the
same because Ω˜Λ = 0.685.
is plotted in Fig. 3. The observed data points are taken
from the summary in Ref. [23]. As shown in Fig. 3, for
large redshifts (z ' 2), the calculated value of fc(z) is
positive and consistent with the observations. However,
for low redshifts (z / 1), the theoretical expression for
fc(z) deviates from the observed data points. This de-
viation occurs because, as shown in Fig. 2, the calcu-
lated value of δ decays at high a/a0 (corresponding to low
z). In particular, fc(z) for µ˜ = 1, which corresponds to
the CCDM models, markedly deviates from the observed
points at low z, consistent with the results in previous
works [23, 25, 47]. However, fc(z) for µ˜ = 1 agrees with
observations if c2eff is equal to −1 which makes sense only
if c2eff is a free parameter, as in Ref. [23]. Further, the cal-
culated results are expected to agree with the observed
data for clustered matter [25].
As graphed in Fig. 3, fc(z) agrees well with the ob-
served data points not only for µ˜ = 0 but also for µ˜ = 0.05
and 0.1. This agreement implies that low dissipation
rates describe structure formation. To confirm this con-
clusion, a likelihood analysis is performed. Here, the dis-
sipation rate µ˜ is a free parameter because Ω˜Λ = 0.685.
Accordingly, the chi-squared function used in Ref. [23]
can be rewritten as
χ2(µ˜) =
7∑
i=1
[
fobsc (zi)− f
cal
c (zi, µ˜)
σi
]2
, (67)
where fobsc (z) and f
cal
c (z, µ˜) are the observed and calcu-
lated growth rates, respectively, and σ is the uncertainty
in the observed growth rate. The seven observed data
points (numbered i = 1 to 7) shown in Fig. 3 are taken
from the summary in Ref. [23]. For the likelihood anal-
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FIG. 4: (Color online). The normalized likelihood L as a
function of the dissipation rate µ˜. A pure ΛCDM model cor-
responds to µ˜ = 0. The maximum value of L (corresponding
to minimum χ2) is obtained for µ˜ = 0.026, upon sampling
µ˜ ∈ [0.020, 0.030] in steps of 0.001, with Ω˜Λ = 0.685.
ysis, µ˜ is sampled in the range [0, 0.4] in steps of 0.005.
Negative dissipation rates have not been considered.
A likelihood function L [21] is calculated as
L ∝ exp(−χ2/2). (68)
This equation indicates that high L corresponds to low
χ2 and vice versa. For simplicity, the likelihood function
L is normalized below. Figure 4 plots the normalized
likelihood function L for increasing µ˜. It can be seen
that L is large for low dissipation rates, µ˜ / 0.1. Such a
low-dissipation model agrees well with observation. This
result suggests a weakly dissipative universe. As illus-
trated in Fig. 3, a low dissipation rate (0 < µ˜ / 0.1)
predicts a smaller growth rate than that in the standard
pure ΛCDM model (for which µ˜ = 0). Hopefully, future
more detailed observations will be able to distinguish a
low-dissipation model from a pure ΛCDM one.
The background evolution of the universe considered
so far is the same in every case because Ω˜Λ = ΩΛ = 0.685.
Consequently, a low-dissipation model (0 < µ˜ / 0.1) is
found to be better than the standard pure ΛCDM model
(for which µ˜ = 0). However, a pure ΛCDM model for
ΩΛ > 0.685 may be equivalent to the low-dissipation
model for Ω˜Λ = 0.685. Accordingly, we examine the
influence of ΩΛ in the pure ΛCDM model. To this end,
we consider a parameter Ωm/ΩΛ, where Ωm is given by
Ωm = 1 − ΩΛ in a spatially flat universe. For the pure
ΛCDM model, Ωm/ΩΛ is set several typical values, 0.1,
0.2, 0.3, and 0.46 in turn, which are approximately equiv-
alent to ΩΛ = 0.909, 0.833, 0.769, and 0.685, respectively.
Thus, the background evolution of the universe for each
value of Ωm/ΩΛ is different because ΩΛ is different. Here,
we calculate ΩΛ from the preceding value of Ωm/ΩΛ, us-
ing ΩΛ = 1/(1 + Ωm/ΩΛ) in a spatially flat universe.
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FIG. 5: (Color online). Evolution of the density perturbation
growth factor δ for various values of Ωm/ΩΛ in a pure ΛCDM
model. Bold lines (in color) represent the pure ΛCDM model
(for which µ˜ = 0), whereas (black) thin lines represent a low-
dissipation model, i.e., µ˜ = 0.05 and 0.1 with Ω˜Λ = 0.685.
In the pure ΛCDM model, Ωm/ΩΛ = 0.1, 0.2, 0.3, and 0.46
are approximately equivalent to ΩΛ = 0.909, 0.833, 0.769,
and 0.685, respectively. Ωm/ΩΛ = 0.46 corresponds to a fine-
tuned standard ΛCDM model, which is equivalent to µ˜ = 0
shown in Fig. 2. The background evolution of the universe
for each value of Ωm/ΩΛ is different because ΩΛ is differ-
ent. In contrast, the background evolutions of the universe
for Ωm/ΩΛ = 0.46, µ˜ = 0.05, and µ˜ = 0.1 are the same
because ΩΛ = Ω˜Λ = 0.685.
We now observe the evolutions of the density pertur-
bation growth factor δ and the growth rate fc(z), for
various values of Ωm/ΩΛ in a pure ΛCDM model. In
Figs. 5 and 6, (color) bold lines represent the pure ΛCDM
model (for which µ˜ = 0), whereas (black) thin lines rep-
resent a low-dissipation model for Ω˜Λ = 0.685. For the
low-dissipation model, the results of µ˜ = 0.05 and 0.1
shown in Figs. 2 and 3 are replotted in Figs. 5 and 6.
Also, Ωm/ΩΛ = 0.46 corresponds to a fine-tuned stan-
dard ΛCDM model, which is equivalent to µ˜ = 0 shown
in Figs. 2 and 3. As graphed in Fig. 5, δ for each Ωm/ΩΛ
in the pure ΛCDM model (for which µ˜ = 0) increases
with a/a0 when a/a0 / 0.1. Thereafter, each curve for
the pure ΛCDM model gradually tends to a gentle in-
cline. Consequently, when a/a0 ≫ 1, δ for the ΛCDM
model is larger than δ for µ˜ = 0.05 and 0.1 in the low-
dissipation model. However, δ for the ΛCDM model is
not much different from δ for the low-dissipation model
when a/a0 / 1. To examine this effect more closely, we
observe the growth rate fc(z) for clustering. As shown
in Fig. 6, fc(z) for Ωm/ΩΛ = 0.3 and 0.2 in the pure
ΛCDM model is likely consistent with fc(z) for µ˜ = 0.05
and 0.1 in the low-dissipation model, respectively. That
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FIG. 6: (Color online). Evolution of the growth rate fc(z)
for clustering for various values of Ωm/ΩΛ in a pure ΛCDM
model. The closed circles with error bars are the observed
data points summarized in Ref. [23]. Ωm/ΩΛ = 0.46 (i.e.,
ΩΛ = 0.685) corresponds to a fine-tuned standard ΛCDM
model, which is equivalent to µ˜ = 0 shown in Fig. 3. The
background evolution of the universe for each value of Ωm/ΩΛ
is different. See the caption of Fig. 5.
is, when z ≥ 0 (i.e., a/a0 ≤ 1), density perturbations
in a pure ΛCDM model for 0.7 / ΩΛ / 0.8 are similar
to those in a low-dissipation model for Ω˜Λ = 0.685. (It
should be noted that Ωm/ΩΛ = 0.2, 0.3, and 0.46 cor-
respond to ΩΛ = 0.833, 0.769, and 0.685, respectively.)
To confirm this conclusion, we observe the contours of
the normalized likelihood L in the (Ω˜Λ, µ˜) plane. The
details of the calculation are summarized in the caption
of Fig. 7. In this figure, (Ω˜Λ, µ˜) = (ΩΛ, 0) corresponds to
a pure ΛCDM model for ΩΛ. As illustrated in Fig. 7, the
region surrounded by the contours is downward-sloping.
Accordingly, a low-dissipation model for Ω˜Λ = 0.685 is
consistent with a pure ΛCDM model for a slightly larger
value of ΩΛ(= Ω˜Λ). Of course, the background evolution
of the universe is different because it depends on Ω˜Λ. In
addition, strictly speaking, the low-dissipation model dif-
fers from the above pure ΛCDMmodel even when density
perturbations are examined (see Figs. 5 and 6). However,
this result will help to discuss the properties of cosmo-
logical models such as an extended ΛCDM model in a
dissipative universe.
In the present study, the radiation-dominated regime
has not been discussed because the late universe is fo-
cused on. Interestingly, interacting dark energy models
(similar to the modified entropic-force model) suffer from
instabilities due to the evolution of matter density per-
turbations in the radiation-dominated regime (see, e.g.,
Ref. [77] and the references therein). The instability gen-
erally arises from an interaction between dark matter
and dark energy, as examined in Ref. [77]. Accordingly,
the instability probably does not appear in the modified
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FIG. 7: (Color online). The contours of the normalized
likelihood L in the (Ω˜Λ, µ˜) plane. To calculate a likelihood
function in the (Ω˜Λ, µ˜) plane, Eqs. (67) and (68) are used. For
this purpose, χ2(µ˜) and fcalc (zi, µ˜) in Eq. (67) are replaced by
χ2(Ω˜Λ, µ˜) and f
cal
c (zi, Ω˜Λ, µ˜), respectively. For the likelihood
analysis, Ω˜Λ and µ˜ are sampled in the range [0, 1] in steps of
0.005. The likelihood function is normalized, using the max-
imum value which is obtained for (Ω˜Λ, µ˜) = (0.250, 0.710).
The contours of L = 0.9, 0.8, 0.7, 0.6, and 0.5 are plotted.
entropic-force model because dark energy is not assumed
in this model. Of course, the instability should appear in
entropic-force models if we assume not only an effective
dark energy (discussed in Appendix A) but also an in-
teraction between dark matter and effective dark energy.
Therefore, it is important to examine the entropic-force
model in the radiation-dominated regime from different
viewpoints. This task is left for the future research.
VI. CONCLUSIONS
The bulk viscosity of cosmological fluid and the cre-
ation of cold dark matter are both able to generate ir-
reversible entropy related to dissipative processes in a
homogeneous and isotropic universe. To examine such a
dissipative universe, the general cosmological equations
for entropic-force models have been reformulated, focus-
ing on a spatially flat matter-dominated universe. Based
on this rearranged formulation, the entropic-force term
in the acceleration equation can be assumed to include
the effects of both reversible and irreversible entropy. Us-
ing a phenomenological interpretation, a dissipation rate
µ˜ has been defined, and a modified entropic-force model
has been developed that includes constant entropic-force
terms. The value of µ˜ was varied from 0 to 1, where
µ˜ = 0 and µ˜ = 1 correspond to nondissipative ΛCDM
and fully-dissipative CCDM models, respectively. Ac-
cordingly, this study bridges the gap between these two
standard models.
An effective equation of state parameter we has been
invoked. For µ˜ = 0, we is always zero because the effec-
tive pressure pe is 0 in a nondissipative matter-dominated
universe. However, we for µ˜ > 0 gradually decreases with
increasing normalized scale factor a/a0 and finally ap-
proaches −1. With increasing value of µ˜, we decreases.
The dissipation rate µ˜ affects we even if the background
evolution of the universe is equivalent to that in a fine-
tuned standard ΛCDM model.
Next, the first-order density perturbations in the mod-
ified entropic-force model have been analyzed in a neo-
Newtonian approach. The time evolution of the per-
turbation growth factor δ has been numerically solved.
When a/a0 ' 1, δ decreases with increasing a/a0, except
when µ˜ = 0 (which corresponds to a standard ΛCDM
model). With increasing µ˜, the perturbation growth fac-
tor begins to deviate from the value of δ for µ˜ = 0. The
dissipation rate affects the density perturbations even if
the background evolution of the universe remains un-
changed. However, δ for µ˜ = 0.05 and 0.1 is not much
different from δ for µ˜ = 0 at the present time.
To examine this similarity more closely, the growth
rate fc(z) for clustering has been computed. The cal-
culated values of fc(z) disagree with the observed data
points for large dissipation rates µ˜, especially at low red-
shifts. In particular, fc(z) for µ˜ ≈ 1 significantly devi-
ates from the observed data points for low redshift values.
However, fc(z) for low dissipation rates (µ˜ / 0.1) agrees
with the observations. Thus, low dissipation rates are
suitable for describing structure formations. This con-
clusion has been confirmed by a likelihood analysis for
µ˜. Therefore, a weakly dissipative universe is a possi-
ble scenario. The low dissipation rate (0 < µ˜ / 0.1)
predicts smaller values of fc(z) than does a standard
ΛCDM model (for which µ˜ = 0). Future detailed ob-
servations should be able to distinguish a low-dissipation
model from a pure ΛCDM one.
The background evolution of the universe examined so
far is the same in every case because Ω˜Λ is set to be ΩΛ =
0.685 in a fine-tuned standard ΛCDM model. However,
a pure ΛCDM model for ΩΛ > 0.685 may be equivalent
to a low-dissipation model for Ω˜Λ = 0.685. Accordingly,
density perturbations in the pure ΛCDM model for ΩΛ >
0.685 have been examined as well. Consequently, when
a/a0 / 1, a pure ΛCDM model for a slightly larger value
of ΩΛ is found to be consistent with the low-dissipation
model considered here. However, keep in mind that the
low-dissipation model differs from the pure ΛCDM one
in several ways.
The present formulation of a modified entropic-force
model is essentially equivalent to an extended ΛCDM
model in a dissipative universe, even though the theoret-
ical backgrounds are different. Accordingly, the present
model behaves as if a nonzero cosmological constant Λ
and a dissipative process were operative. This phe-
nomenological study thereby delineates the properties of
cosmological models from different viewpoints.
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Appendix A: Interpretations of the entropic-force
model
As Eqs. (1) and (6) show, the general Friedmann and
acceleration equations in a matter-dominated universe
(when p = 0) become
H2 =
8piG
3
ρ+ f(t) (A1)
and
a¨
a
= −
4piG
3
(
ρ+
3pe
c2
)
+ f(t). (A2)
Substituting Eqs. (7) and (11) into Eq. (8), the general
continuity equation becomes
ρ˙+ 3
a˙
a
(
ρ+
pe
c2
)
= Qρ, (A3)
where pe from Eq. (7) and Q from Eq. (11) are
pe = −
c2h(t)
4piG
and Q = −
3
8piG
f˙(t)
ρ
. (A4)
This result indicates that Eqs. (A1) to (A4) are equiva-
lent to those in an extended Λ(t)CDM model which as-
sumes an effective pressure pe in a dissipative universe.
In other words, the cosmological equations in the present
study behave as if a time-varying Λ(t) and a dissipa-
tive process exist. When f(t) is a constant, we find that
Q = 0 from Eq. (A4). Accordingly, the right-hand side of
Eq. (A3) is zero. The continuity equation is then equiva-
lent to Eq. (23). In that case, the cosmological equations
are equivalent to those of an extended ΛCDM model in
a dissipative universe.
Alternatively, f(t) can be interpreted as effective dark
energy. According to the work of Basilakos and Sola` [48],
the mass density of the effective dark energy is defined
as
ρDE ≡
3
8piG
f(t). (A5)
In addition, Eqs. (A4) and (A5) imply
ρ˙DE = −Qρ. (A6)
Substituting Eqs. (A5) and (A6) into Eqs. (A1) and (A3),
respectively, and replacing ρ by ρm, we obtain
H2 =
8piG
3
(ρm + ρDE) (A7)
and
ρ˙DE + ρ˙m + 3
a˙
a
(
ρm +
pe
c2
)
= 0, (A8)
where ρm is the mass density for matter. Equation (A8)
requires the conservation of the components of the uni-
verse, through an exchange of energy between matter and
effective dark energy. A detailed discussion is presented
in Ref. [48].
In this way, the entropic-force model can be use-
fully interpreted from several fruitful viewpoints. In the
present study, a matter-dominated universe was consid-
ered, without assuming any exotic energy component of
the universe such as dark energy. Alternatively, we can
assume a phenomenological entropic-force term based on
irreversible and reversible entropy terms.
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